Introduction
This paper presents a new description of the maximum parsimony criterion. In particular, this paper demonstrates a new mathematical equivalence between Fitch parsimony as well as selection of certain types of consensus trees. The link between parsimony and consensus is intended to contribute to the discussion on parsimony as well as consensus and total evidence. A link between parsimony and consensus trees has already been established by the MRP (matrix representation with parsimony) method of Baum and Ragan (Baum, 1992; Ragan, 1992) . Here, however, a link arises in the other direction: whereas Baum and Ragan use parsimony to solve a problem in consensus trees, in this paper parsimony itself is shown to be a consensus method. Unless otherwise indicated, the term parsimony denotes Fitch parsimony.
Background: median consensus trees
In mathematics, as well as classification, a median of a set of objects is an object that has minimum summed distance to all the other objects. For this paper, we will thus use the notion that a median is an objective criteria or property (Thorley and Wilkinson, 2003) .
The idea was previously introduced into the field of consensus trees over two decades ago (Barthelemy and McMorris, 1986) . In relation to phylogenetic trees, the notion of a median tree can be stated as follows. First, suppose we have a collection of phylogenetic trees {T 1 , ...T n } and some measure d(T i , T j ) of 'distance' or 'dissimilarity' between any two trees.
Then a median consensus tree can be defined as any tree T (since T is not necessarily unique) that minimizes the following:
Of course, an actual median tree chosen may differ according to the exact distance measure chosen. Moreover, there may be more than one median consensus tree.
There is however, one type of median consensus tree which is very familiar to all systematists. If d is chosen to be the symmetric distance between trees (also known as the partition metric or Robinson-Foulds distance (Robinson and Foulds, 1981) ) then the majority rule tree (Margush and McMorris, 1981 ) is a median consensus tree (Barthelemy and McMorris, 1986) . But there are many other choices of distance measures between trees. For instance, in addition to the symmetric distance, two other well-known metrics are the subtree-prune and regraft (SPR) distance and the tree-bisection and reconnection (TBR) distance. Both SPR and TBR distances are based on tree-rearrangements or 'moves'. In a subtree-prune and regraft (SPR), a subtree is removed from one part of the tree and regrafted to another part of the tree (Figure 1 ). The notion of a TBR is omitted here but is described elsewhere (e.g. Semple and Steel, 2003) .
Based on a single subtree-prune and regraft, the SPR distance between two trees can be defined as the minimal number of SPRs required to transform one tree into the other (e.g. Hein, 1990) . For instance, if trees T 1 and T 2 could be transformed into each other using a minimum of two SPRs then their SPR distance is two. Similarly, the TBR distance is the smallest number of TBRs required to transform one tree into the other.
As a quick aside, we note that by phylogenetic tree, we are referring to a strictly bifurcating, unrooted and leaf-labeled tree with no edge lengths and a fixed number of leaves.
We also note that by 'distance measure', we mean that d is a metric (in the mathematical sense) on the collection of phylogenetic trees. However, the strict metric condition is relaxed in the following section. Broadly speaking d can be simply can be thought of as a measure of 'dissimilarity' between either two trees or a tree and a character.
Median consensus trees for characters
It is possible to extend the notion of median consensus tree analogously to characters as well.
In order to do this, we will need to be able to describe dissimilarity between a given character and a proposed tree. First, say that a character with k states is compatible with a tree if it requires k − 1 changes of state on that tree (Semple and Steel, 2003; Felsenstein, 2004) , or equivalently if it has a parsimony score k − 1. A common interpretation of incompatibility of a character with a tree is homoplasy.
More specifically, we can define homoplasy in the following way: given an arbitrary rooting of the tree, then the minimum number of convergent or recurrent mutations of a character on the tree is homoplasy score of the character on the tree (see Figure 2 ). Note that homoplasy is an interpretation of a character's incongruence with a tree (BinindaEmonds, 2004a) . In what follows, we will show that the incongruence of the character with a tree has a different interpretation.
Recurrent Mutation
Figure 2: An illustration of homoplasy. A rooted tree is shown with the character states filled in at the vertices in a parsimonious fashion. The two thickened edges denote a recurrent and convergent mutations (homoplasy events). The rooting of the tree is arbitrary.
In order to extend the notion of median consensus tree to characters as well, define the distance d(T, X i ) from a tree T to a character X i to be the shortest distance from T to a tree that is compatible with X i (or equivalently, a tree on which X i is convex). A median consensus tree for a set of characters then minimizes the sum
Once again, this score will vary according to the dissimilarity measure chosen.
Our main result can be stated as follows. Suppose that we have a sequence of multi-state (unordered) characters {X 1 , X 2 , . . . , X n } (the columns of a character state matrix). Then if we let d equal the shortest subtree-prune and regraft (SPR) distance from T to a tree that is compatible with X i (or equivalently, a tree on which X i is convex), we have that:
be the shortest subtree-prune and regraft (SPR) distance from T to a tree on which X i is compatible. Then we have that:
Essentially this result gives a new interpretation of character incongruence with a tree.
Whereas previously, character incongruence with a tree has always been interpreted as homoplasy, this result states that character incongruence with a tree has a different interpretation in terms subtree-prune and regrafts. Figure 3 illustrates the idea. Note that if characters have missing states, the result still holds. Additionally this result can be extended to different forms of parsimony (such as Dollo parsimony) and distances (Bruen, unpublished results) .
Application to Total Evidence and Consensus
One of the most vigorous methodological debates in systematics is the total evidence versus consensus debate (e.g. Kluge, 1989; Barrett et al., 1991) . An important consequence of our result in the previous section, is that this interpretation of parsimony shows how character data can be seamlessly incorporated with phylogenetic tree data in a consensus setting.
Specifically, if we let d be any dissimilarity measure, then for both character and tree data we have that:
1. Given a tree τ on a possibly partial set of taxa, let d(T, τ ) be the distance from T to a tree on the full set of taxa that is compatible with τ .
2. Given a possibly partial character X i , let d(T, X i ) be the distance for T to a tree on the full set of taxa that is compatible with X i .
The main result from this approach is that while parsimony has been used to infer phylogenetic trees, here we show that parsimony can be used in a consensus tree setting as well. The key feature of this approach is that it seamlessly links established methods: when the input are all trees, we have a standard median consensus tree; when the input are all characters, and we use SPR or TBR distances, classical parsimony is recovered.
Application to two character incongruence
One important consequence of Theorem 1 follows when we consider just two multi-state (unordered) characters. Two characters with states 0 and 1 are incompatible if and only if all four combinations of 00, 01, 10, and 11 are present as combination of states for the two characters (Le Quesne, 1969) . In a standard setting, character incompatibility is interpreted as implying that at least one of the characters has undergone convergent or recurrent mutation (homoplasy). In other words, for every possible phylogeny describing the history of the two characters, at least one homoplasy event has occurred for one of the characters. The other interpretation of incompatibility of two characters is that if neither of the characters has experienced homoplasy, then there are two phylogenies that are compatible with each character and differ to each other by one SPR (Sneath et al., 1975; Hudson and Kaplan, 1985) .
Define the total incongruence score i(X 1 , X 2 ) for two multi-state unordered characters X 1 and X 2 on a maximum parsimony tree T as
which is the maximum (Fitch) parsimony score of the two characters X 1 , X 2 minus the minimum number of changes requried for each character. This essentially generalizes the incompatibility notion for two binary characters. This is also equivalent to the incongruence length difference statistic applied to only two characters (Farris et al., 1995) . Importantly, the total incongruence score can be computed rapidly . The following consequence of Theorem 1 strengthens the connection between incongruence and subtreeprune and regrafts.
Theorem 2. The total incongruence score i(X 1 , X 2 ) for two characters can be interpreted as the minimum SPR distance between a tree T 1 and T 2 such that X 1 is convex (compatible) on T 1 and X 2 convex (compatible) on T 2 .
Although the notion of total incongruence for two characters has been considered before in the context of character selection and weighting (Penny and Hendy, 1986) , it has not been considered in the context of genealogical similarity. Essentially, Theorem 2 shows that the total incongruence score can be interpreted as the minimum number of subtree-prune and regrafts that have occurred between the history of both characters, assuming that the characters have different histories with which they are each perfectly compatible.
Indeed, Theorem 2 suggests a natural way to interpret genealogical similarity between two characters, which we have used to develop a powerful test for recombination . In fact this result is also interesting the lateral gene transfer context, since
SPRs can be thought to represent lateral gene transfers. Thus choosing two characters from two different genes (which have possibly different histories) gives a simple approach to identify the distinctiveness of the histories of the genes, a point which is discussed further below. While the framework is in a parsimony context, it could be extended into a more general context possibly allowing a simple estimate of the relatedness between the genes.
We can also apply Theorem 2 to obtain a lower bound on an SPR distance between two trees. Suppose that we have two trees T 1 and T 2 and we wish to obtain a lower bound on the SPR distance d(T 1 , T 2 ) between the two trees. If we choose any character X 1 convex on T 1 and any character X 2 convex on T 2 then, by Theorem 2, we have that
By carefully choosing X 1 and X 2 we can obtain tighter bounds. One natural starting point for X 1 and X 2 are the four or five character encodings described by (Semple and Steel, 2002; Huber et al., 2005) . This approach also provides a lower bound for the TBR distance.
Discussion Matrix Representation with Parsimony
Matrix representation with parsimony (MRP) (Baum, 1992; Ragan, 1992) is the most widely used method to build supertrees (Bininda-Emonds, 2004b) . One of the main criticisms of the approach is that the traditional notion of homoplasy (e.g. convergent or recurrent mutation)
in this context has no meaning (e.g. Rodrigo, 1993) . In response, Bininda-Emonds has argued that MRP is based on minimizing incongruence, while the term homoplasy should be used for the explanation on incongruence that biologists make after the analysis (BinindaEmonds, 2004a). It should be noted that in practice, MRP works well (Bininda-Emonds and Sanderson, 2001 ) and has been shown to satisfy some basic axioms of consensus methods (Bryant, 2003) . Here, however we focus on the interpretive framework of MRP with respect to character incongruence (namely subtree-prune and regrafts) which was not discussed previously (Bryant, 2003) .
The connection between consensus and parsimony established here offers a different interpretation of incongruence which is useful for the discussion of consensus methods as well as MRP. The incongruence score of a character on a tree has been interpreted as the homoplasy score, that is the number of steps required to fit that character on a tree. Rather, the incongruence score of a character on a tree can be thought of as the number of SPRs required to transform that tree into one compatible with the character. This essentially gives a new framework for discussion of incongruence and parsimony in the context of MRP.
However, this framework shows that MRP only indirectly combines the input trees. The input trees are first encoded as characters at which point parsimony is applied. Although the parsimony procedure itself can be viewed as a a median consensus approach acting on the characters, this is not the same thing as directly obtaining a median consensus tree from the input trees (under an SPR scheme) (Goloboff, 2005) . As such a more natural extension to obtaining a median consensus tree is a SPR (or TBR) median consensus supertree rather than MRP. Of course a number of other questions that can also be raised such as the effect of various matrix representations and their effect on tree to tree distances (M. Wilkinson and Thorley, 2004; Wilkinson et al., 2005) .
However in certain cases, this new interpretation of character incongruence does present a viable approach to combine disparate data. For instance, combining gene trees so that the output tree species minimizes the horizontal transfer distance to each of the input trees has been suggested in the gene tree context (Maddison, 1997) . One approach for this problem is representing horizontal transfers as subtree-prune and regrafts. Then combining gene trees so that the number of subtree-prune and regrafts is minimized provides an estimate of a gene tree. But this idea can be applied to single characters as well.
Imagine for instance, there is only a single character for every gene (which have possibly different histories). Then a maximum parsimony tree can be thought of as a natural approach to combine the characters. To be more explicit, first note that incongruence of a character on a maximum parsimony tree corresponds to the minimum subtree-prune and regraft distance from the tree onto which the character is compatible. Since a maximum parsimony tree minimizes this incongruence, a maximum parsimony tree can be seen as a natural extension of the gene and species tree problem into the character domain. While this scenario may seem far fetched, this situation could occur in bacteria which are in linkage equilibrium because every character will have will have its own evolutionary history due to extensive recombination (Smith, 1999) . Of course the meaning of such an estimate needs to be further explored.
Lemma 1. Let T be a phylogenetic X-tree and χ a multistate character. Let T be phylogenetic X tree that differs from T by a single TBR. Then l(χ, T ) ≤ l(χ, T ) + 1.
The version of Lemma 1 that is proved in Bryant (2004) Lemma 2. Let T be a binary phylogenetic X-tree and χ a multistate character. Then we have the following relationship h(χ, T ) = min
, where h(χ, T ) denotes the homoplasy of χ on T .
Proof. Let T be any binary phylogenetic X-tree for which d SP R (T, T ) = m is minimized and χ is convex on T . Then there exists a sequence of trees T = T 0 , ..., T m = T such that every adjacent pair of trees in the sequence differ by exactly one SPR. Since χ is convex on T and in particular every SPR is a TBR, then by Lemma 1 the existence of this sequence
For the other direction, we need to show that min
To do this we will construct a sequence of trees T 0 = T, ..., T k such that every pair of adjacent trees in the sequence differ by exactly one SPR and χ is convex on T k where k = h(χ, T ). Firstly, if h(χ, T ) = 0, then χ is convex on T so the proof is finished. Otherwise, letχ be a minimum length extension of χ to T . Then since χ is not convex on T there exist three vertices u, v and w, where {u, v} ∈ E(T ), v lies on the path from u to w andχ(u) =χ(w) =χ(v). Then perform a SPR by removing edge {u, v}, supressing the v vertex and creating a new edge {u, t} where t is a new vertex on an edge adjacent to w. Furthermore, setχ(t) =χ(w). Then the number of edges on which a change has occurred has decreased by 1 thereby decreasing the homoplasy score by 1. This procedure can be repeated until the homoplasy equals 0, constructing the desired sequence of trees thereby demonstrating min
h(χ, T ) and completing the proof.
Theorem 1 follows from Lemma 2.
Proof of Theorem 2
Let T be a maximum parsimony phylogenetic X-tree for χ 1 and χ 2 , such that h(χ 1 , T ) + h(χ 2 , T ) = k. By Theorem 1 there exist two trees T 1 and T 2 on which χ 1 and χ 2 are convex respectively such that d SP R (T 1 , T ) = k 1 and d SP R (T 2 , T ) = k 2 , with k 1 + k 2 = k. Then by concatenating the sequence of trees from T 1 to T with T to T 2 , we obtain d SP R (T 1 , T 2 ) ≤ k 1 + k 2 = k. To complete the proof, let T 1 and T 2 be any two trees on which χ 1 and χ 2 are convex and d SP R (T 1 , T 2 ) is minimized. Then h ( χ 1 , T 1 ) = 0 and so h(χ 2 , T 1 ) ≥ k 1 + k 2 = k (since T is a maximum parsimony tree) and so by Lemma 2, k = k 1 + k 2 ≤ d SP R (T 1 , T 2 ), completing the proof. The tree on the left has two homoplasies (indicated by thick edges). The character is shown in the box below and the position of the hypothetical root is also indicated by the solid arrow. The number of homoplasies also correspond to the minimal number of subtree-prune and regrafts needed to transform the phylogeny on the left to a tree on which the character is compatible (the two dashed arrows indicate the needed re-arrangements to transform the tree to the one on the top right). Only two trees on which the character is compatible are drawn -clearly there are many others.
